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A VERY RIGID BOOLEAN A L G E B R A  

BY 

J. D O N A L D  MONK* 

ABSTRACT 

A Boolean algebra is constructed having only those endomorphisms corres- 
ponding to prime ideals, which are present  in any BA, The BA constructed is of 
power c, has 2 C endomorphisms,  and is not rigid in Bonnet ' s  sense. 

Rigid Boolean algebras - -  those without non-identity automorphisms - -  have 

been extensively studied (see van Douwen, Monk and Rubin [2] for a survey). In 

general algebra a stronger rigidity - -  no non-identity endomorphisms - -  has 

been studied (see, e.g., Hedrlin, Pultr and Vopenka [4]). This notion does not 

apply to Boolean algebras, since, e.g., non-identity endomorphisms exist corres- 

ponding to any maximal ideal (see below). But one can describe the endomorph- 

isms inevitably present in any BA (we call them simply definable endomorph- 
isms), and try to construct a BA in which these are the only endomorphisms. 

That is the main purpose of this article. 

The paper is a sequel to Shelah [8], but is self-contained. In [8] the existence of 

a BA in which every endomorphism is simply definable (called henceforth a 

prime-rigid BA) was proved assuming O,,,. Later (unpublished) Shelah replaced 

O,, by CH, while the author established the existence of a BA with only 

definable endomorphisms (a weaker notion) in ZFC. This last construction was 

simplified by Shelah, and then the author saw how to modify and extend it to 

establish the existence of prime-rigid BA's in ZFC. Without these communica- 

tions with Shelah the author would not have accomplished this work. In addition 

to Saharon Shelah the author is grateful for useful communications with Robert 

Bonnet, Neil Endsley, Sabine Koppelberg, Richard Laver, Matatyahu Rubin, 

and the referee. 

To state the main result precisely we need several definitions. Two ideals/ ,  J 
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in A are complementary if I n J = {0} while I U J generates a maximal ideal of 

A. We call A indecomposable if A has no pair of non-principal complementary 

ideals. If / is an endomorphism of A we let k e r / =  {a E A : / a  = 0}, fix/--- 

{a E A :  for all x <- a, /x  = x}, and e x k e r / =  {a + b: a E ker/ ,  b E fix/}. We say 

that / is definable if A / e x k e r /  is finite. Finally, A has only'simply definable 

endomorphisms, or is prime-rigid, if A is atomless, indecomposable, and has only 

definable endomorphisms. We give further information and background on 

these notions later. The main result is that there is a prime-rigid BA of power 2"o. 

We actually prove a stronger theorem, Theorem 12, which also gives some 

information about a weaker kind of rigidity in other powers. We begin with a 

discussion of indecomposability, and then give a more intuitive but more 

involved equivalent definition of prime-rigidity. Then we discuss the notion of a 

complicated BA, which plays an important technical role in the final construc- 

tion. Most of the notions and results up to this point are in [8], perhaps in an 

implicit or less general form. Finally, we give the main construction, important 

corollaries, and mention some open problems. Some of the results stated are not 

needed for the main results, but are included for background. 

Indecomposable BA's 

It is easily checked that any complete BA is indecomposable. On the other 

hand, we have: 

Tr-rEORE~ 1. I rA  is the denumerable atomless B A, then any maximal ideal in 

A is generated by the union of two non-principal complementary ideals. In 

particular, A is decomposable. 

PROOF. Let ( x i : i < t o )  be a free generating system for A. By the 

homogeneity of A it is enough to prove the theorem for the maximal ideal J 

generated by {xi: i < to}. For  each i < to let 

y~ = x~ �9 I-[ - xj, 
j<i 

and let I0 and 11 be the ideals generated by {y2~:i<to} and {y21+l:i<to} 

respectively. It is easily checked that I0 and I1 are complementary and that their 

union generates J. 

We can extend this theorem as follows to higher cardinals. 

THEOREM 2. Assume Martin's axiom, and let B be a BA of power < 2 "0 

which has a denumerable dense atomless subalgebra A. Then B is decomposable. 
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PROOF. Le t  J be  a max ima l  idea l  in B which p re se rves  all jo ins  b = 

X{a ~ A : a _-< b}, for  b E B. Le t  K = J fq A .  Since K is a ma x ima l  idea l  in A ,  by  

T h e o r e m  1 let  Io and  11 be  non-p r inc ipa l  c o m p l e m e n t a r y  ideals  in A whose  

un ion  g e n e r a t e s  K. Le t  I~ and  I~ be  the  ideals  in B g e n e r a t e d  by  Io and  I~ 

respec t ive ly .  C lea r ly  I~ and  I~ are  non-pr inc ipa l ,  I~ I"1 I~ = {0}, and  I~ U I~ C J. 

N o w  let b E J. Then  - b ~ J so, s ince - b = E{a  E A : a <- - b} is p r e s e r v e d  by  

J, we can choose  a ~ A  with a < - b  a n d a ~ J .  Say - a = c + d  with c E I o  

and  d E I~. Then  b = b �9 c + b �9 d. Thus  J is g e n e r a t e d  by I~ U I'~, as des i red .  

If A is a B A  and  X a set,  we say that  a B A  A ( X )  is a free extension of A by X 

if A tq X = 0, A ( X )  is g e n e r a t e d  by  A U X, and  for  any  B A  B, any h o m o m o r p h -  

ism f f rom A into  B and  any funct ion g f rom X into  B the re  is a 

h o m o m o r p h i s m  h of A (X)  into  B which ex tends  bo th  f and  g. T h e  fo l lowing 

t h e o r e m  was i n d e p e n d e n t l y  found  by P. Nyikos .  

THEOREM 3. Let A (X) be a free extension of A, with X uncountable. Then 

A (X) is indecomposable. 

PROOF. Suppose  that  Io and  11 are  non-p r inc ipa l  c o m p l e m e n t a r y  ideals  in 

A (X) ,  and  let J be  the  max ima l  ideal  which, the i r  union  genera te s .  W e  may  

assume that  x E J for  all x ~ X ;  say x = yx + zx with yx @ Io and  zx E 11. Since 

yx, z~ _-<x, we can wr i te  yx = x �9 ux and  zx = x �9 vx, whe re  ux and  vx are  in the  

suba lgeb ra  g e n e r a t e d  by A U ( X  - {x}). Thus  x = x �9 (u~ + v~), so by the  free-  

ness of x, u ~ + v x = l .  But  also x . u x - v x = y ~ . z ~ = 0 ,  so u ~ - V x = 0 .  Thus  

v~ = - u~. N o w  for  each x @ X let sx be  a finite subse t  of X - {x} such that  ux is 

in the  suba lgeb ra  g e n e r a t e d  by A U sx. By Lfizfir [6], let Y be  an infini te subset  

of X such that  x ~ s y  for  all x, y E  Y. N o w  for dis t inct  x, y E  Y we have  

x �9 u~ �9 y . -  uy = 0, so, s ince x and  y are  free,  u~ . -  uy = 0. H e n c e  u~ = uy for  all 

x, y ~ Y. Set  Ux = w for all x E Y. W i t h o u t  loss of gene ra l i ty  say w E J. H e n c e  

wr i te  w = s + t, with s E I0 and  t E 11. C h o o s e  s '  with s < s '  E Io. C h o o s e  x E Y 

so that  s '  is in the  suba lgeb ra  g e n e r a t e d  by A U ( X  - {x}). N o w  x �9 s ' .  - w E 

Io fq I~, so x �9 s ' -  - w = 0 and,  by the  f reeness  of x, s ' .  - w = 0. But  then s '  = s, a 

con t rad ic t ion .  

To  end  ou r  d iscuss ion of i n d e c o m p o s a b i l i t y  let us show its r e l evance  for  the  

discuss ion of e n d o m o r p h i s m s .  Suppose  that  I and  J a re  c o m p l e m e n t a r y  ideals  in 

A.  Then ,  as is easi ly seen,  I U - I is a suba lgeb ra  of A i somorph ic  to A / J ,  whe re  

- I = {a E A :  - a E I}. H e n c e  the  na tu ra l  m a p p i n g s  A - - ~ A / J ~ I  U - I C  A 

c o m p o s e  to  give an e n d o m o r p h i s m  of A .  The re fo re ,  if we cons t ruc t  an 

i n d e c o m p o s a b l e  B A ,  it au tomat i ca l ly  fails to  have  this k ind  of e n d o m o r p h i s m .  
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Prime-rigid Boolean algebras 

The following theorem gives an indication of the strength of having only 

definable endomorphisms.  

THEOREM 4. I f  A is atomless and has only definable endomorphisms, then 
every one-one and every onto endomorphism of A is the identity. 

PROOF. First we take the case of a one-one endomorphism f. Suppose f is not 

the identity. Then there is a y J 0 with y �9 fy = 0. For any distinct u. v -< y we 

have u /exker  f ~  v /exker  f, so A / e x k e r  f is infinite, contradiction. 

Now suppose that [ is an onto endomorphism different from the identity. 

Then f is not one-one, so ke r fS{0} ;  choose 0 ~  a ~ kerf .  For each b =< a 

choose c b ~ A  with fcb=b. Then for distinct b , b ' - < a  we have 

c J e x k e r f J  cb,/exkerf. In fact, suppose cb/exkerf = cb,/exker[ while b ~ b' ,  say 

b . -  b ' J 0 .  Write cb " -  cb, = d + e with d E ker / ,  e Ef ix / .  Applying f we get 

a => b �9 - b '  = e, so e E k e r r  fq f i x / a n d  so e = 0. Thus b �9 - b '  = 0, contradiction. 

Thus again we have shown that A / e x k e r f  is infinite, contradiction. 

Now we want to give a more intuitive version of the notion of prime-rigid BA. 

Given BA's  A, B and a maximal (prime) ideal I in A, the natural homomorph-  

ism A ~ A / I  can be considered to be a homomorphism from A into B. For 

A = B, this gives an endomorphism of A (and shows, incidentally, that any BA 

has at least as many endomorphisms as maximal ideals). More complicated 

endomorphisms can be obtained, e.g., in the following way. For any a ~ A let 

A r a be the BA {x E A : x _-< a}. Let a, b, c, d be four pairwise disjoint non-zero 

elements of A with sum 1. Let I be a maximal ideal in A t d. Then we can obtain 

an endomorphism of A as follows: 

A = (A r a ) x  (A r b ) x  (A [ c ) x  ( A [ d )  

---> (A r b ) x  ( A [ d )  

(A ta)x (A r b ) x  (A tc)x (A rd )  

A, 

where the first map is the natural isomorphism, the second one is projection 

((w, x, y, z)  goes to (x, z)), the third one takes (x, z)  to (z/I, x, z/I, z) (in a natural 

sense), and the fourth is again the natural isomorphism. If we analyze this 

situation carefully we can arrive at the following notion (the notion can be given 

various equivalent formulations; see, for example,  Loats and Rubin [7] for 

another  interesting one). 
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A schema for a prime endomorphism in A is a sequence 

(ao, a,, bo, . . . . .  ., bin_,, Co, ", c.-i ,  b*o,.. ", b,._,,* c* , . "  ,c,_~,* rio,.. . ,  I=_,, Jo," �9 ", J.-l> 

such that the following conditions hold: 

(1) ao, al, b0 , "  ", b,._~, Co," ", cn-1 are pairwise disjoint elements with join 1; 

b , ~ O ~ q  for all i < m ,  j < n ;  

* * are pairwise disjoint elements with join ao + bo + (2) b * , . . . , b , , _ , , c * , . . . , c , _ ,  

. . .+b in - , ;  b * ~ O # c *  for a l l i < m , / ' < n ;  

0 )  [or all i < m, L is a maximal ideal in A f b~ ; 

(4) for all j < n, Ji is a maximal ideal in A r q. 

THEOREM 5. Given a schema for a prime endomorphism as above, there is a 

unique endomorphism f of  A with the following properties : 

(i) for all x <-- ao, fx = 0; for all i < m and for all x E L, fx = 0; 

(ii) for all x < a~, fx = x ; for all j < n and for all x E Jj, fx  = x ; 

(iii) for all i < m, fb~ = b*, and for all j < n, fcj = cj + c *. 

PROOF. The existence of f is seen from the following diagram: 

A ~--(A rao)x  ( A  I a , ) x  1-I (A t b , ) x  I-I (A rq )  
i < m  j<-n 

-->(A ra,)x I I  (A r b,)x I- I (A r cj) 
i < m  i < n  

~, identity ,~ ideals I~ ,~ ideals J~ 

(A r a , ) x  I1  (A r b* )x  1-[ (A rcj)x (A rc*) 
i < m  j < n  

~ A .  

( A  r b~ -o  A ~ b * via x ~ x /L ,  while A ~ cj--+(A t c j ) x  (A rc*) via x ~ (x ,x /J , ) . )  

The uniqueness of f is clear, since the conditions (i)-(iii) uniquely determine f on 

each factor A r ao, A r a~ ,A  r b o , ' " , A  r b.,_~,A r c o , ' " , A  rc,-1. 

In the situation of Theorem 5 we say that f is simply defined by the given 

schema. 

LEMMA 6. Let  I and J be non-principal complementary ideals in an atomless 

BA A,  and let f be the endomorphism of  A obtained as described after the proof of  

Theorem 3. Then f is not simply defined by a schema. 

PROOF. Suppose on the contrary that f is simply defined by a schema, with 
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nota t ion  as above.  Note  tha t  fa = 0 for  all a E J and [a = a for  all a ~ L Let  K 

be the  (maximal)  ideal gene ra t ed  by I U 3". Then  

(1) for  all j < n, cj I~ K. 

For,  o therwise  wri te  cj = d + e with d E / ,  e E Jr. Then  [cj = d <= cj, so c * = 0, 

contradict ion.  Next ,  

(2) for  all i < m, b, t~ K. 

For,  o therwise  write b, = d + e with d E / ,  e E J. Then  b*, = fb, = d =< b,, and 

d ~ 0 since b *~ ~ 0, while Ix = x for  all x =< d. But  we can choose  0 ~ u =< d with 

u E L, and then .fu = 0, contradict ion.  

Suppose  m > 0. Then  by (1) and (2), m = 1 and  n = 0. Also,  - bo E K, so we 

can wri te  - b o = d + e ,  with d E I  and e E J .  H e n c e  e = a o ,  d = a l ,  and 

b~ = a o +  bo. Now choose  d ' E  I with d < d ' .  Thus  d ' . -  d �9 b o ~ 0 ,  so we can 

choose  0 ~ u =< d ' -  - d �9 bo with u E Io. Then  0 = fu = u, contradict ion.  

Thus  m = 0, and similarly n = 0. It is then easy to see that  ao, a l  E K, so 1 ~ K, 

contradic t ion.  

The  following t h e o r e m  expresses  our  m o r e  intuit ive version of p r ime  rigidity. 

THEOREM 7. For any atomless B A  the [ollowing conditions are equivalent: 

(i) A is prime-rigid ; 

(ii) every endomorphism of A is simply defined by a schema ]:or a prime 

endomorphism. 

PROOF. (ii) f f  (i). A s s u m e  (ii). By L e m m a  6, A is indecomposab le .  A s s u m e  

the nota t ion  of the definit ion of a schema.  Then  A / e x k e r [ ,  if it has m o r e  than 

one  e lement ,  is a finite B A  whose a toms  are bo/exker[, . . . ,b, ,_l/exker[,  

co/exker f , - .  -, c._ 1/exker f. 

(i) f f  (ii). A s s u m e  (i). Thus  A / e x k e r f  is finite. If e x k e r f  = A, then k e r f  = {0} 

and  f i x f  = A, so f is the identity,  defined by the schema  (0, 1). Now assume 

exke r  f g  A. Then  there  are pairwise disjoint  e lements  Xo ,"  ", xK-1 of A with join 

1 such that  x d e x k e r f , . . . ,  x ._ l /exkerf  are the  distinct a toms  of A / e x k e r  f. Each  

x, will give rise to f rom one  to three  te rms  of the  desired schema,  as follows 

(fix k) .  Le t  Io = ( k e r f )  n ( a  I x , ) ,  11 = (fix f )  n ( a  r x~), J = ( e x k e r f )  n (A r x,) .  

Then  Io and  11 are c o m p l e m e n t a r y  ideals in A r x, their  union genera tes  J, and J 

is a maximal  ideal in A Ix, .  If  Io and 11 are non-principal ,  let I ~ =  

{a E A : a �9 x, E 11}. Then  I0 and I~ are non-principal ,  c o m p l e m e n t a r y  ideals in 

A, contradict ion.  So, Io and 11 are not both  non-principal .  Also  they are not  both  

principal,  since o therwise  J would also be  principal,  which would imply the 

exis tence of an a t o m  in A _-< x.. Thus  we have  two cases: 
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Case  I. I1 is pr inc ipa l ,  say g e n e r a t e d  by e. N o t e  that  x,  �9 - e g 0. W e  let e be  

a par t  of  a , ,  while  x , . - e  is to be  a t e rm  bt. Fu r the r ,  b ~ = f b t  and  I~= 

(exker  f )  n ( A  I xK �9 - e) .  

Case  2. Io is pr inc ipal ,  say g e n e r a t e d  by e. C lea r ly  

(1) for  all y _-< x,  �9 - e, if y E e x k e r f  then  y ~ 11. A l s o  we c la im 

(2) x , . -  e < = f ( x , . -  e) .  

For ,  o the rwise  let  y = xK �9 - e �9 - f ( x ,  �9 - e) .  Then  y �9 fy = 0, so y ~ I1 and  hence  

y I~ e x k e r  f by  (1). H e n c e  x,  �9 - y E exke r  f, so by (1) x, �9 - y �9 - e E 11. C h o o s e  z 

such that  x , . - y . - e < z E I 1 .  H e n c e  z = x , - - e  a n d f z = z ,  so 

z <=x, . - e  . f ( x ,  . - e ) = x ~  . - e  . - y ,  

con t rad ic t ion .  Thus  (2) holds .  Fu r the r ,  c lear ly  xK �9 - e J 0. F u r t h e r m o r e ,  

(3) f ( x , . -  e ) . -  (x ,  . -  e ) g O .  

For ,  o the rwise  

(4) for  a l l y = < x K ' - e ,  f y = y .  

In fact,  let y --< xK " -  e. If  y E e x k e r f ,  then fy = y by (1). If y t~ e x k e r f ,  then  

x~ . -  e . -  y E e x k e r f ,  so by (1) x,  . -  e . -  y E 11 and  hence  

f y  = f(xK " -  e . -  (x ,  . -  e . -  y ) )  

= x ,  . - e  " - (xK . - e  . - y )  

= y .  

So (4). Bu t  by (4), x, �9 - e E 11, so x,  E e x k e r / ,  con t rad ic t ion .  H e n c e  (3) holds .  

In  this  case  we let  e be  a par t  of  a0, x, . -  e a t e rm  q, and  by (2) and  (3) we 

wr i te  f c z =  q + c*.  Final ly ,  we let  Jt = (exker  f )  n A r q .  

The  var ious  de s i r ed  cond i t ions  in a schema  and  in T h e o r e m  5 are  now easi ly  

verif ied.  

T h e  fo l lowing l e m m a  is n e e d e d  in the  next  sect ion.  

LEMMA 8. I f  f is an  e n d o m o r p h i s m  o f  a B A  A ,  a E A ,  and  for  all  x <= a we  

have  [x <- x, then a ~ e x k e r f .  

PROOF. Le t  x --< a. Then  f ( x  �9 - f x )  <- x �9 fx ,  and  obvious ly  f ( x  �9 - / x )  -</x.  

H e n c e  f ( x  �9 - / x )  = 0. The re fo r e ,  

(1) for  all  x - < a  we have  x . - f x  E k e r / .  

Aga in ,  x =< a impl ies  [x <= f ix  by (1), and  it impl ies  f x  <= a and  h e n c e  f ix  <= fx ,  by 

hypothes i s .  H e n c e  

(2) for  all x =< a , / x  = fix. 
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Now we claim 

(3) fa ~ fixf. 
For, suppose x < f a ;  we want to show [x  = x. We have, using (2) and the fact 

that x . - f x  <= fa ,  

[a = f fa  = f ( f a  . - (x  . - [x  ) + x . - [x  ) 

= f ( f a .  - ( x .  - f x ) )  + f ( x .  - f x )  

= f ( f a  . - ( x  . - f x ) )  by (1) 

<= f a  �9 - (x  . - f x  ) by hypothesis. 

Hence f a  <= - ( x  . - f x ) .  Since x . - f x  <=fa, it follows that x . - f x  =0 .  Thus 

x <= fx ,  and f x  < x by hypothesis. Hence x = fx ,  and we have established (3). By 

(1), (3) we have a = (a . - f a ) + f a  ~ exkerf .  

Complicated BA's 

Let A be a BA, LA the first-order language for BA's enriched with constants 

for members of A. We shall consider 1-types in LA i.e., sets of formulas in LA 

with one free variable v. In fact we shall work only with very simple types. If 

(a~ : a < K) is a sequence of elements of A, r is a term in LA in which, aside from 

the names of elements of A, only the variable v appears, and S CK, by 

[a~,r] *f~s we mean the formula a.--<~" if a E S  and a~-~-=O if a ~ S .  A 

s tandard  K- t ype  over  A is a type of the form 

{[a~,, v] i '"~s: a < K}, 

where (a~ : a < K) is a system of pairwise disjoint non-zero elements of A and 

S_CK. 

A K - c a n d i d a t e  over  A is a system ((a~,b~): a < K )  such that the a~'s are 

pairwise disjoint non-zero elements of A, as are the be's, and for all a < K, 

b~ ;~ a~. Finally, we call A K -c o mp l i c a t e d  if for any such K-candidate over A 

there is an S_CK such that {[a~,v]~ '~s:  a < K }  is realized in A but 

{[b~, v ] i ~ s :  a < K} is omitted in A. The connection with the above rigidity 

notions is given in the following theorem. 

THEOREM 9. I f  A is to -compl ica ted ,  then  al l  e n d o m o r p h i s m s  o f  A are 

def inable .  

PROOF, Let f be an endomorphism of A, and suppose that A / e x k e r f  is 

infinite. Then there is a system (a ' :  n ~ to) of pairwise disjoint non-zero 
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elements  of A such that a ~ d e x k e r f #  0 for  all n. By L e m m a  8, for each n U to 

there is an a ,  =< a ' ,  with fa, Z a.. Thus  ((a,, fa , ) :  n E to) is an to-candidate  over  

A. Hence  we can choose  S _C to so that {[a,, v]if"~s: n E to} is realized in A,  say 

by c, but  {fla,, v]if"~s: n G to} is omi t ted  in A.  But  clearly [c realizes this last 

type, contradict ion.  

The  following theorem is needed  in order  to partially extend our  main result 

to higher cardinals. 

THEOREM 10. Let A be an atomless K-complicated B A  with the property that 

for any non-zero a E A there is a system (b~ : ct < K ) of non-zero pairwise disjoint 

elements of A r a. Then every one-one endomorphism of A is the identity. 

PROOF. Suppose  f is a one -one  endomorph i sm of A which is not the identity. 

Then  there is a non-zero  a ~ A such that a �9 fa  = 0. Let  (b~ : a < K) be a system 

of non-zero  pairwise disjoint e lements  of A ra.  Then  ((b~,.fb~): a < K )  is a 

K-candidate  over  A,  which leads to a contradict ion as above. 

In the main theorem,  T h e o r e m  12, we establish the existence of x -compl ica ted  

BA's .  

The main theorem 

The  following lemma is probably  well-known. 

LEMMA 11. Let A satisfy the ( < K )-chain condition, i.e., suppose that every set 

of pairwise disjoint elements of A has power < K. Let A (X)  be a free extension by 

X. Then A (X)  satisfies the ( < K )-chain condition. 

PROOF. By Erd6s  and Tarski [3] we can assume that r is regular.  Suppose 

(b~, : a < K) is a system of pairwise disjoint non-zero  e lements  of A (X).  We  may 

assume that each b~ has the form as �9 c,,, where  a~ E A and for  some finite 

Y,~ C_ X,, and some e,, E ~'~2, we have 

C~ = H X ~ 
xEY~ 

(with x 0 = _ x, x '  = x). We  may assume that (Y~ : a < K ) forms a A-system with 

kernel  Z, and that e~ r Z = e~ r Z for all a,/3 < K. It then follows that a~ �9 a~ = 0 

for  a # /3 ,  contradict ion.  

We also note  that.  for  any infinite cardinals K and )t the following two 

condit ions are equivalent :  
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(a) X = 2" = K"o; 

(b) A ' =  A and there is a family F of A denumerable subsets of r with 

pairwise finite intersections. 

In fact, (a) ~ (b) is a well-known result of Tarski, and (b) ~ (a) by the following 

computation: 

2~-<A ~ =A =[FI_--<K~o~2 ~. 

Now we are ready for the main theorem. 

THEOREM 12. Assume that K and A are in]inite cardinals such that A = 2" = 

K ~o. Then there is an atomless K-complicated indecomposable BA C of power A 

such that for any non-zero a E C there is a system (b~: a < K) of non-zero 

pairwise disjoint elements of C r a. 

PROOf. Let (((a~, b~):/3 < K): a < A) be a list all members of "(A • A), each 

member  repeated A times. One can easily construct a BA A of power K such 

that for each non-zero a E A there is a system (b~ : a < K) of non-zero pairwise 

disjoint elements of A r a. Let A (X) be a free extension of A with I X I = A, and 

let A ( X ) *  be the completion of A ( X ) .  By Lemma 11, A ( X ) *  satisfies the 

( <  K +)-chain condition. We assume that A (X)* C_ A as a set. Now we construct 

two sequences (B~: a _-<A) and (Q~: a _-<A) such that for all a,/3 <A, 

(1) B~ is a subalgebra of a (X)*, l ea  I --< I o~ f + K, and a </3  ~ B~ _C Be ; 

(2) Q~ is a collection of standard K-types over B~ omitted in B~, and 

IOol-_<lal§ 
We let Bo = A and Qo = 0. For /z  a limit ordinal _-< A we let B ,  = U~<~B~ and 

Q~, = U~<~ Q~. The essential step is the successor step. So assume a < A, B~ and 

Qa have been defined satisfying (1) and (2). The construction of B~+~ and Q~§ 

takes two steps. 

First we take care of a candidate, forming B:  and Q ' .  If ((a~, b~):/3 < K) is 

not a K-candidate over B~, we let B :  = Ba, Q :  = Q,. So assume it is. We drop the 

superscript u. Extend (as: /3  < K) tO a maximal pairwise disjoint system 

(a~:/3 < 3,); thus K __--< 3' < A§ For each S _C K let cS = X~sa ~  (sum in A ( X ) * ) ,  

and set B " S  = B,, (cS) (simple extension within A (X)*). We want to choose S so 

that 

(3) B " S  omits p = {[be, v]~fo~s:/3 < K}; 

(4) B " S  omits each member  of Q~. 

Since cS realizes {[ao, v]~f~s:/3 < K}, this will take care of the current candidate. 

For  each /3 < K choose f/3 < 3' so that f /3#/3 and be �9 a ia#  0; this is possible 

since be Z as. Now we claim 
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(5) there  is an S* C_ K with IS*I  = r such that  for  all /3 E S*,  f/3 ~ S*. 

For,  if for  some  F C K with I FI < K we have  f/3 E F for  all/3 E K -- F, we can takc  

S* = K -- F. In the oppos i te  case an easy induct ive cons t ruc t ion  yields the desi red 

set S*. 

T h e  following fact will enab le  us to t ake  care of  (3). 

(6) If d, e and g are pairwise disjoint  e lements  of  B~ such that  d + e �9 c S  + 

g . -  c S  realizes p in B " S ,  where  S C S*, then S = {/3 ~ S*: b~ �9 ale =< d + g}. 

A s s u m e  the hypothes is  of (6). For  any /3 E S* we have  f/3 ~ $* hence  f/3 ~ $ 

and a l e ' c S = O .  Thus  / 3 E S  implies b / 3 < - d + e . c S + g . - c S  and hence  

b/3 �9 ate --< d + g. A n d  /3 E S* - S implies big �9 ( d  + e �9 c S  + g �9 - c S )  = 0 and so 

b~ �9 a1~ �9 ( d + g ) = be �9 ale " ( d + g . -  c S  ) = O. 

Thus  (6) holds. 

Now let K be a family of A d e n u m e r a b l e  subsets  of  K with pairwise finite 

intersections.  T h e  following will enable  us to take  care  of (4). 

(7) If d, e, g are pairwise disjoint  e lements  of B~, q E Q,,  q = {[he, v]i~e~r:/3 < 

K}, then there  is at most  one  S E K such that  y ,  = d + e �9 c S  + g �9 - c S  realizes q 

in B " S .  

A s s u m e  the hypo theses  of (7). Let  

k =  - d . - e . - g ,  

l = ~?~ {h~ . (k  + e ) : /3  E T } +  ~ { h e ' ( d  + g ) : /3  E K ~ T}, 

m = ~ { h  e . ( k + g ) : 1 3 ~ T } + ~ { h  e . ( d + e ) : / 3 E K ~ T } .  

T h e  following is easily verified: 

(8) if B,~ C_ C C_ A ( X ) *  and u E C, then q ' =  {[he, d + e �9 v + g �9 - V]'~e~T: /3 < 

K}is  real ized by u in C iff l_-<u and m . u  = 0 .  

As  a consequence  of (8) we have  

(9) there  is no u E B,~ such that  l_-< u and m �9 u = 0. 

Now let L be  the  ideal in A ( X ) *  gene ra t ed  by {ae: /3 < 3'}. 

(10) If l ~ L, then for  any S E K ,  d + e �9 c S  + g  . -  c S  does  not realize q in 

B"S. 

For,  o therwise  by (8) 1 <= c S  and m �9 c S  = 0. H e n c e  for  some  finite join u of ae ' s ,  

1 <- u �9 c S  and m �9 u �9 c S  = 0. But  u �9 c S  is clearly in B~, so this contradic ts  (9). By 

(10), to establish (7) it suffices to assume that  1 ~ L. Now suppose  that  $1 and $2 

are distinct e l ements  of K such that  ys, and ys~ realize q in B " S ,  B " S 2  

respect ively.  Then  by (8), I ~ cSi  for  i = 1,2, so 
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I < - c S I ' c S e =  ~ as, 
~ESIQS2 

hence 1 E L, contradiction. Thus (7) holds. 

By (1), (2), (6), (7), we can choose S C S* so that (3) and (4) hold. We let 

B "  = B " S  and Q"  = Q~ t0 {p}. 

The second step in the construction of B~+I and Q~§ is to take care of 

indecomposability. 

(11) There is an x ~ X free over B ' .  

In fact, for each c E B"  we can write c = X De, where Dc is a subset of A (X) of 

power =< K. For each y E A (X) there is a finite Ey _C X such that y E A (Er). Let 

F =  U{Ey: c E B ' ,  y EDc}. 

By (1) we have I F I < A ,  so choose x E X - F .  Clearly x is free over B'~. 

By (11) we choose x E X free over B'~, and we set B~+I = B ' ( x ) .  We let 0~+1 

be O'~ together with those of the two types 

{[a~. x, v] ''~ . . . .  : [3 < K}, 

{[aTs'- x ,v]  ''~ .... : /3 < K} 

which are standard K-types omitted in B~+I. 

This completes the construction. We claim that B~ is the desired algebra C. 

Clearly [ B~ [ = A. Since at each stage a ---> a + 1 the second step is to take a free 

extension, BA is clearly atomless. The following statement is easily proved by 

induction on a :  

(12) for each a <A  and each 0 ~ a E B ~  there is a system ( b e : / 3 < K )  of 

non-zero pairwise disjoint elements of Be r a. 

Hence the last statement of the theorem clearly holds. Since K < cf A, it is clear 

that BA is K-complicated. It remains only to show that it is indecomposable. 

Suppose Io and I1 are non-principal complementary ideals in B~. Let (a,  :/3 < K, 

/3 even) be a maximal system of non-zero pairwise disjoint elements of I0, and let 

(as : /3  < K, /3 odd) be a similar system for 11. Let J be the (maximal) ideal 

generated by 10LI I~. Choose a < A such that ((aTe, b73): 13 < K)=  ((as, as): /3 < 

K) and {ao:/3 < K}_CB~. Then at the a th step of the construction we let 

B~,+I = B ' ( x ) ,  a free extension. We claim 

(13) {[as, v] ~a .... :/3 < K} is omitted in B ' .  

For, suppose y E B"  realizes it. Without loss of generality say y E J, and write 

y = d + e  with d E I o ,  e E L .  Then for /3 even we have a s - - < y = d + e ,  and 

as" e = 0, so as--< d. This contradicts Io being non-principal, because of the 

maximality of {as:/3 even}. So (13) holds. 
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(14) {[as .x ,  v] ''~ . . . .  : /3  < K} and {[as . -  x, v] i'€ . . . .  ." /3 < K} are  omi t t ed  in 

n a + l .  

For  by s y m m e t r y  we cons ider  the first type only, and suppose  b + c �9 x + d �9 - x 

realizes it, where  b, c, d E B ' .  Then  fo r /3  even,  a~ �9 x -< b + c �9 x + d �9 - x, so 

as <=b+c. F o r / 3  odd,  a~ . x  . ( b + c  .x  +d  . - x ) = 0 ,  so as . ( b  + c ) = 0 .  This  

contradic ts  (13), and establ ishes (14). By (14), the types  there  are omi t t ed  in B,  

as well (see the  construct ion) .  

Now say wi thout  loss of  genera l i ty  x E J, and wri te  x = d + e with d E Io, 

e E 11. Clear ly then  d realizes {[as .x,  v] i'~ . . . .  : /3 < K}, contradic t ion.  T h e  p roof  

is comple te .  

Tak ing  K = No, A = 2 "o in T h e o r e m  12 and using the previous  theorems ,  we 

obta in  

COROLLARY 13. There is a prime-rigid B A  of power 2 "o. 

COROLLARY 14. If  K~~ ~=)t ,  then there is a B A  of power A with no 

non-identity one-one endomorphisms. 

T h e  hypothes is  of Corol la ry  14 holds, e.g., if K = ~ with cf a = 1% and )t = ~+1;  

thus it holds for  arbi trar i ly large cardinals.  

Concern ing  possible  i m p r o v e m e n t s  of these results, we men t ion  first a 

spec t rum p rob lem:  

PROBLEM 1. In what  cardinali t ies do there  exist pr ime-r igid  B A ' s ?  

We  want  to p rove  a theo rem,  implicit  in S. K o p p e l b e r g  [5], re levant  to this 

p rob lem.  W e  need two lemmas .  

LEMMA 15. I r A  is atomless and has only definable endomorphisms, then the 

B A  B of finite and cofinite subsets of to is not a homomorphic image of A. 

PROOF. A s s u m e  otherwise ,  and  let f be  a h o m o m o r p h i s m  f rom A onto  B. 

Since A has a suba lgebra  i somorphic  to B, we may  assume that  B is a suba lgebra  

of  A. For  every  n E to choose  a,. E A such that  fan = {n}. Then  for  m ~ n we 

have  a m / e x k e r f J a , / e x k e r f .  In fact, o therwise  a ~ , A a , = b + c  for  some  

b ~ ker  f, c E fix f. Apply ing  f, {m, n } = c. Say 0 < d < {m } (in A ). But  d =< c, so 

fd = d E B, contradict ion.  Thus  A /exker f is infinite. 

LEMMA 16. Let (a, : n E to) be a system of pairwise disjoint elements of A ,  

and let ( D , :  n E to) be a system of ultrafilters of A with a, E D,  for all n E to. 

Assume that {n E to: a E D,  } is finite or cofinite for every a E A.  Then the B A  of 

finite and cofinite subsets of to is a homomorphic image of A.  
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PROOF. Let fa = { n E t o :  a E D , }  for all a ~ A .  

THEOREM 17 (S. Koppelberg [5])$ Assume Martin's axiom, and let A be a 
B A  with 1% <= I A I < 2"~ Then the B A  of finite and cofinite subsets of to is a 
homomorphic image of A. I f  in addition A is atomless, then A has undefinable 
endomorphisms. 

PROOF. By the above lemmas it suffices to construct (a , :  n E t o )  and 

(D, :  n E to) to satisfy the hypotheses of Lemma  16. Let (a , :  n ~ to) be any 

system of non-zero pairwise disjoint elements, and let a .  E D,, D ,  an ultrafilter 

on A, for each n E t o .  For each a E A  let N , = { n E t o : a E D , } .  Thus 

{a ~ A : N, is finite} is a proper  ideal of A, and we extend it to a maximal ideal F 

of A. Let P = {(Q, R):  Q is a finite subset of to and R is a finite subset of F}. For 

( Q , R ) , ( Q ' , R ' ) E P  we define (Q ,R)<- (Q ' ,R  ') ilI QC_Q', RC_R' ,  and 

Q '  0 U ~ R N ~  _C Q. Clearly under this partial ordering P satisfies ccc. Let G be 

generic over  P with respect to the dense sets 

{ { ( Q , R ) : [ Q I _ -  > m}: m E to} U{{(Q,R):  a E R}: a ~ F}. 

Let x = Uto.R)~G O. Then X is infinite, and for all a E F, X n N~ is finite (if 

a ~ R with (Q, R ) E  G, then X n N,  _C (2). Hence  by relabeling, the desired 

conclusion follows. 

There  are two ways in which one might try to improve Corollary 13 to obtain 

even more rigid BA's:  

Number of endomorphisms. It is easy to see that the B A  C of Corollary 13 

has a free subalgebra D with I D [ = 2 "o. Hence  C has 22-0 maximal ideals and also 

that many endomorphisms.  It would be desirable to obtain a prime-rigid BA 

with no more endomorphisms than elements. The following theorem of Shelah, 

which we include with his kind permission, indicates some limits on constructing 

such an algebra - -  it must be of power at least 2",. 

THEOREM 18 (Shelah).* If  B is atomless and has only definable endomorph- 
isms, then B has at least 2", ultrafilters. 

PROOF. Let (a .  : n E to) be a system of non-zero pairwise disjoint elements of 

B, and let (D. :  n E to) be a system of ultrafilters of B such that a ,  E D ,  for all 

n E to. Now we define for all c~ < to1 and all -q ~ ~2 a set An C to and an element 

b, E B by induction on a. Suppose defined for all /3 < c~, so that 

'See note Added in proof at the end of the paper. 
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(1) /3 < a and 7 /~  82 imply IA, I = no, 

(2) /3 < 7  < a ,  r / E ~ 2 ,  r / 'G  ~2, r / C r / '  imply An, \A ,  finite, 

(3) /3 + 1 < a, r / E  82 imply {n E A n : - bn E D.} = Ano and 

{n E A~: b, E D,} = A~I. 

Now suppose -q E " 2 .  If a = 0, let A ,  = to. If a is a non-zero limit ordinal, 

choose An so that A n \A,r~ is finite for all /3 < ~. Finally, for a =/3 + 1 let 

A ~ = { n ~ A n t b :  n~ D,}, where c o 1 b~t~E = - c , c  = c f o r a l l c E B .  B y L e m m a s 1 5  

and 16, choose b, E B  such that {n E A ~ :  b ~ E D , }  is finite for e =0 ,1 .  This 

completes the construction. 

Now let 7 /E '~ Then by (2), {A~r~: a < wl} is contained in an ultrafilter E*~ 

on to. Set E ,  ={a  ~ B :  {n: a E D , } E E * , } .  Clearly E ,  is an ultrafilter on B. 

Now suppose ,/, r/' E ",2 and r /~  "q '. Choose a minimum such that r/a ~ "0 'a. 

Then by (3), 

{n: b~r~U D,} = A~r(~.1)E E*,  

so b ~t~ ~ En. Similarly "'~ 7,, b,,r,,E E,, ,  so E , / E , , .  This completes the proof. 

Bonnet-rigid BA's. Another  strong version of rigidity was given by Bonnet 

[1]. A is Bonnet-rigid if for every BA B, every one-one homomorphism 

f:  A ~ B and every onto homomorphism g : A --~ B we have f = g. He showed 

that there is such an algebra of power 2 "o, his algebra is not prime-rigid. The 

algebra C of Corollary 13 is not Bonnet-rigid. For, let D be as above, and let h 

be a homomorphism from D onto C. Let I be the ideal in C generated by the 

kernel of h. Then there is a one-one homomorphism f: C--* C/I  with fhd = d/ I  

for every d ~ D. Let g : C--~ C/I  be the natural onto homomorphism. Clearly 

f ~  g. It would be nice to have a prime-rigid BA which is also Bonnet-rigid; such 

an algebra has been recently constructed by Shelah, assuming ~ . , .  

An interesting form of these problems is 

PROBLEM 2. IS there a prime-rigid BA A which is also Bonnet-rigid and has 

only I A I endomorphisms? 

Concerning Corollary 14, we mention that Shelah has recently shown in ZFC 

that BA's with no non-identity one-to-one endomorphisms exist in each regular 

cardinality and many singular ones. 

Added in proof (October 1979). S. Todor6evi6 has brought to the author's 

attention that Theorem 18 follows easily from Lemma 15 and a theorem of S. P. 

Franklin (Proc. Amer. Math. Soc. 21(1969), 597-599), while Malyhin and 
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~apirovski] in Soy. Math. Dokl. 14(1973), 1746--1751 prove a theorem from 
which Theorem 17 follows under the weaker assumption that IS I < exp(exp No), 
S the Stone space of A. 
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